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Abstract 

We consider renormalization groups of transformations composed of a 
Gaussian convolution and a field dilatation. As an example, we con- 
sider perturbations of a single component real Euclidean free field (j) 
with covariance (—A) "^"'"2. We show that the renormalization group 
admits two equivalent formulations called massless picture and mas- 
sive picture respectively. We then show in the massive picture that 
the renormalization group has a symmetry. The symmetry consists 
of global scale transformations composed with certain Gaussian con- 
volutions. We translate the symmetry back to the massless picture. 
The relation between the symmetry and the notion of an anomalous 
dimension is briefly discussed. 



1 Introduction 



We consider renormalization groups [P of transformations, which are com- 
posed of a Gaussian convolution and a field dilatation. Transformations of 
this kind are tailor made to study perturbations of free fields. Specifically, 
we consider eff'ective field theories given by measures 

on field space {(/> : —>■ M}, where dfXCooi'P) is the Gaussian measure 
with covariance Coo, and where Z{(p) is a perturbation, which is normalized 
such that Z(0) = 1. We consider perturbations of a massless free field with 
Coo{x,y) of the order O {\^x — y\'^~^~'^^ at |x — y| oo. We use a unit 
ultraviolet cutoff, built in as a smooth momentum space regulator, whereby 
Coo{x,y) becomes a regular function of \x — y\ at short distances. 

The following renormalization group is custom built to study the 
properties of (|l|). Let -Dl be the dilatation operator given by D'j^{f){x) = 
L} ~ f (^). We decompose Coo into Coo = DJ^CooDl + Cl such that 
Ciix^y) is of the order O (^F at — y| oo with a rapidly decreas- 

ing function F{t). (We will choose an exponential cutoff where F{t) = e 4 .) 
For CL{x,y) to be short ranged, the asymptotic of Coo{x,y) and its scaled 
version {DJ Coo Dl){x, y) = L'^~^~'^ ^ (x' l) '^ave to agree. This condition 
determines the scaling dimension in the dilatation operator D^. We cannot 
decompose Coo with an anomalous dilatation, unless we give up that be 
short ranged. At this instant, we have a pair of operators {Cl,Dl), where 
Cl is a short ranged covariance, and where Dl is a dilatation. With this 
pair {Cl,Dl) is associated a renormalization group transformation 

of the perturbation Z{(p). It defines a representation of the semi-group 
of scale transformations with scale factor L > 1 on a suitable space of 
perturbations Z{(j)). (For L < 1, Cl becomes negative.) Transformations of 
this kind have a wide range of applications. See for a recent review. 

We will show that the transformation given by (C^, Di) \s equivalent to 
the transformation given by another pair (cljcIl). The equivalence is of the 
form 

Zi<P) z{cl>) 
R(Cz.,Di)| [RicL,dL) (3) 

Z(<A|L) < zi^\L) 
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where Q{K,){z){(t>) = Z,{ct>) z{ct>) and Z,(</.) 



e 2' 



is a short ranged 



Gaussian fixed point of Rl{Cl, Dl). The new pair {cL,dL) defines a scale 
decomposition Coo = Cqo c^l + cl of a covariance . The two formulations 
will be called the massless picture and the massive picture respectively. 
They are well known in the hierarchical (or ultra-local) approximation 
In the massive picture, both cl and Cqo are short ranged. Therefore, the 
scaling dimension of di is variable. In the massive picture, we will show 
the transformation defined by yet another pair (7l,(^l), which defines a 
global (space-time independent) scale decomposition of Cqo, with Sl the 
multiplication by a global factor is a symmetry. Renormalization group 
and symmetry together spread a perturbation z{(j)) to a surface 



z(0) 

R{cL,dL) 



R(7l',<5l') 



R(cl4l) 

z{(t>\L,L') 



(4) 



We will then use the equivalence to translate the symmetry back to the 
massless picture. The composition of a renormalization group transforma- 
tion, which scales by a factor L, and a symmetry transformation, which 

Tj 

scales by a factor L2 , defines an anomalous scale decomposition of Cqq. 

Inspired by the construction of a non-trivial (pf ^ fixed point in the planar 
approximation and beyond it we consider the renormalization group 
given by Coo = i^(-A,e) (-A)-i+t, where e is a small parameter, and 
where F(—A, e) is a certain cutoff function. We will argue that the two cases 
e = and e 7^ are different. We will briefly discuss the relation between 
the anomalous dimension r] and the symmetry applying the concepts of ||^ 
to this case. The anomalous dimension of the (j)^ ^ fixed point is by definition 



zero. 



2 Renormalization group — massless picture 

We consider renormalization groups of transformations R{Cl, D^), defined 
by a pair of operators {Cl,Dl), where is a covariance, is a dilatation, 
and L is a scale, with L > 1. Our starting point and setup is a particular pair 
{Cl,Dl), which defines the renormalization group in the massless picture. 



2 



2.1 CovEiriance Cl 

Let Cl be the covariance operator CL{f){x) = J d^y CL{x,y) f{y) given 
by 



(27r)^ 



Cl{p) = .ou-e , (6) 



where x{p) is a cutoff function, and e is a small parameter (possibly zero). 
Let x{p) = P{p'^)^ where F{s) is a monotonously decreasing function, which 
takes values between -F(O) = 1 and lims^oo = 0. We choose the incom- 
plete F-function 

rcx) da 1-f -a V il - ^ 

^^^^ r(i-f) r(i-i) ■ 

2 

For e = 0, it becomes x{p) = • The advantages of this particular cutoff 
function are apparent from the integral representations 

CL(x,y) = ^^-^ ; " / . (9) 

(47r)TF(l-f) 

The covariance Cl is a two sided regularization of (— A)~^'''2, with unit 
ultraviolet cutoff and infrared cutoff (in units of mass). We included 
a parameter e for the sake of generality, and to distinguish it from another 
parameter, the anomalous dimension rj to appear below. We will assume 
that D + e>2. 

2.2 Dilatation Dl 

When the infrared cutoff is removed, we obtain a massless covariance Coo = 
lim^^oo C'l with unit ultraviolet cutoff. In this limit, (8) and (9) become 

cZiP) = (10) 



F(l-f) (p2)i- 
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(4^)^r(i-|) ({^) 



Coo{x,y) = D+r-r- (H) 

2\ — 



3 



In other words, Coo = x/{~^) ^ ■ Conversely, Cl is the difference of Coo 
and a scaled version of Coo- We have that 

Cl{p) = CZ{P) - L^-' cZ{Lp), (12) 
CL{x,y) = Coo{x,y) - L^-^- Coo (|, I) . (13) 

Eqs. (12) and (13) read Cl = Coo — DJ^ Coo Dl in operator notation, where 
Dl is the dilatation operator, and where DJ^ is the transposed of Dl, given 

by 

DlifXx) = L'-^ f (I) , (14) 

DL{f){x)=L'+'^ f{Lx) (15) 

respectively. Thus Dl represents a dilatation by the scale factor L on func- 
tion space {/ : — > M}, with scaling dimension a = 1 + The 
dilatations by scale factors L > 1 form a semi-group. 

To summarize, we have a pair of operators {Cl,Dl), where C^ is a short 
ranged covariance, Dl is a dilatation, and L is a scale such that Di = 1, 
Dl Dl' = Dll', and Cl = Coo -DJ Coo Dl. We say that (Cl, Dl) defines 
a scale decomposition of Coo with respect to Dl- 



2.3 Transformation R{Cl,Dl) 

With the pair {Cl,Dl) is associated a renormalization group transformation 
R{Cl,Dl), defined by 

where d^c'il'?^) is the Gaussian measure with mean zero and covariance Cl, 
and Z{(l)) is a perturbation, which is normalized such that Z{0) = 1. Recall 
that 

dficM) e(<^'^) = e^^f'^^f\ (17) 



2.3.1 Averaged perturbation Z{^) 

Admit a brief detour around the physical meaning of (|l^). We consider 
effective quantum field theories defined by the covariance Coo and an inter- 
action V{(p) = — log Z((f)). Their physical content is coded in the generating 
function 
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where Z{^) is the convolution of Z{(j)) with d/ic"^ ((/>), divided by a normal- 
ization constant. Its explicit form is 

The transformation R{Cl, Dl) performs a dilatation of Z{^). We have that 

The transformation R{Cl, Dl) thus enables a study of the behavior of 
under DJ^, without having to perform the convolution with respect 
to d/iCcx) ) which is difficult because Coo is long range. 

If R{Cl,Dl){Z^){^) = Z^{^) then Z{dI{^)) = Z($). In other words, 
if we have a fixed point of the renormalization group, then we have dilatation 
invariant correlators. 

2.3.2 Semi-group property of R{Cl,Dl) 

We are lead to consider the following structure. We have a pair of operators 
{A,B) (with certain properties). With this pair, we associate a functional 
transformation 

The particular pair (^4, B) = (0, 1) gives the identity transformation. Since 
(Ci,L>i) = (0,1), we have that R{Ci,Di) = 1. The composition of two 
transformation (^) is another transformation of this kind. Let {A, B) and 
{A\ B') be two pairs of operators. An standard computation of Gaussian 
integrals yields 

R{A,B) R{A',B') = R{B''^ AB + A'.BB'). (22) 

Eq. (|22|) can be thought of as a product of {A,B) and {A\B'), given 
{A,B){A',B') = {B'^ AB + A',BB'). From the two properties DlDl' = 
Dll' and Cl = Coo- dICooDl, it follows that {Cl,Dl) {Cl',Dl') = 
{Cl L' , Dl L'). Therefore, the transformation R{Cl, Dl) satisfies the semi- 
group property 

R{Cl,Dl) R{Cl',Dl') = R{Cll',Dll')- (23) 
2.4 Generator R{C, D) 

The transformation R{Cl, Dl) associates with a given perturbation Z{(p) a 
renormalization group trajectory 

Z{(l)\L) = R{CL,DL){Z){ct)). (24) 
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Due to the semi-group property, Z{(p\L) is the solution of the discrete flow 
equation 



RiCL,DL){ZML') = Z{^\LL') 



(25) 



to the initial condition Z{(j)\l) = Z[(j)). The discrete flow equation implies a 
continuous flow equation for Z(0|L), the renormalization group differential 
equation 



L^Z{m = R{C,D){ZmL), 



(26) 



where R{C,D) = -^Ij^^iRiCi, Dl) is the generator of the renormalization 
group. Its explicit form is 



2 
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0=0 (27) 



dL\L=l'^L 



Dj. See 



where C = -^\^^-^Cl and 
V{(f)\L) = - log Z{(t>\L), eq. (27) implies that 



1. For the interaction 



1 
2 



Vim 



-E{C){V{-\L)), (28) 
where E{C){V{-\L)) denotes the (field independent) normalization constant 



E{C){V{-\L)) = i 



l.,c4-]V{cl>\L) 



±.V{cl,\L),C ^vim 



(29) 



(t>=0 



Indispensable intermediate volume cutoffs are here treated casually. For the 
instant pair (Cl,Dl), the differential version (C,D) is explicitely given by 



C{p) 
Cix,y) 



2 e-P 



2 e" 



(47r)- r(l 



(30) 
(31) 
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together with 

D^if)i^) = [l - ^ - fix), (32) 

I^)ip) = [l + ^ /(P)- (33) 



The differential pair (C, i)) in the flow equations (27) and (28) is indepen- 
dent of L. This is a characteristic feature of the renormalization group with 
rescaling. 

To summarize, the renormalization group associated with the pair of 
operators {Cl,Dl) comes in two equivalent formulations. In its discrete 
version, one deals with difference equations. In its continuous version, one 
deals with differential equations. 

3 Renormalization group — massive picture 

In this section, we show that the renormalization group defined by the pair 
{Cl,Dl) is equivalent to a renormalization group defined by another pair 
{cL,dL). 

3.1 Gaussian fixed point 

The transformation R{Cl,Dl) has a fixed point Z^{(f>) = e~2^^'^* 'f'\ with 
R{CL,DL){Z,){(t>) = for all L > 1 , given by = (1 - x)/(-A)i-f . 

With the cutoff function (0), K^, has the integral representations 

K,{p) = 1 , (34) 

r(l-f) ' ^ ' 

K.{x, y) = ; n ^ ^ . (35) 

(47r)-r(l-f) 

K^, is short ranged, and Ki,{p) = l/r(2 — |)-|- 0{p'^). More generally, we 
have a line of fixed points given by K^, + const./(— A)^~2 . All of them are 
long ranged, except for the special point with const. = 0. 

3.2 Transformation Q{C) 

Let C be an operator. Let Q{C) be the functional operator given by 

Q(C)(Z)(0) = e-5(<^'^"' Z(0). (36) 

Thus Q{C) multiplies a perturbation with a Gauss function. The two trans- 
formations R{A,B) and Q{C) conspire to the identity 

R{A, B) Q{C) = Q{B-^^ C-^ C B'^) R{£ A,BC), (37) 
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where L ^ = 1 + ^4(7 ^, assuming that A = , C = C"^ , invertibihty of 
A, B, and C, and existence of the Gaussian convolutions. 

3.3 Substitution Z{cf)) = Z^{(p) z{(p) 

We write the perturbation Z{(f)) as a product of the fixed point Zi,[(j)) and 
a new perturbation z{4>). Substitute Z{4>) = Zi,{<p) z{(p) to obtain 

R{Cl,Dl){Z, z){^) = Z,(0) R{cL,dL){z){^), (38) 

with a new pair {cljcIl) of operators, defining the massive picture of the 
renormahzation group. They are given by 

Cl=£lCl, dL = DLCL, (39) 

where Cl is the operator Cl = Ki,/{Ki, + Cl)- Notice that Cl and K^, 
commute. Cl is exphcitely given by 

CUp) = = L-'^' S^. (40) 

l-x{Lp) K,{Lp) 

Think of Cl{p) as a p-dependent correction to the scale factor in the field 
dilatation. At = it yields an extra factor L~^+'^ to the dilataton, while 
it becomes one as — > cx). 

3.4 Covariance cl 

Like Cl, the covariance cl is short ranged. The explicit form of cl is 

cl{p) = Cl{p) Cl{p) = . . 41 

Analogous to Ci = 0, it satisfies ci = 0. In the limit L — > oo, (^T|) turns 
into a covariance 

coo(p) = — T^rm — = (1 -x(p)) C'oo(p)- (42) 

Recall that Coo is a massless covariance with unit ultraviolet cutoff. In con- 
trast, Coo is a massive (short ranged) covariance with twosided unit cutoffs. 

3.5 Dilatation dL 



From (|40|), it follows that Ci = 1 and consequently di = 1, in analogy to 
Di = 1. Furthermore, (11 satisfies the composition law cIl dL' = dLV- The 
pair {cL,dL) can be shown to be a scale decomposition of the covariance 
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Coo with respect to di- We have that = Cqo — Cqo ^l- Therefrom, we 
conclude that R{cL,dL) satisfies the semi-group properties R{ci, di) = 1 and 

R{cL,dL) R{cL',dL,) = R{cLL',dLL')- (43) 

The reasoning is completely analogous to the massless case, since the alge- 
braic properties of the pair (cl,^/,) are identical to those of {Cl,Di). 

3.6 Generator R{c, d) 

To compute the renormalization group differential equation in the massive 
picture, all we have to do, is to compute the differential pair (c, d) and 
to replace {C,D) by it in (27) and (28). The differential covariance and 
dilatation pick up an extra term C as compared to the massless picture. 
The extra term is 



cm = (44) 

L=l 1 - X{P) 



With our cutoff function (0), the extra term becomes 
- -2 {p^)^~^ e~P^ -2 

^^""^ ^ li^-hP') ^ I,' da il-a)^e-P^- ^^^^ 

In the special case when e = 0, it takes the form of the generating function 

of the Bernoulli numbers, namely C{p) = — 2p^/(e^^ — 1). In the massive 
picture, we thus have a differential pair of operators {c,d), given by 



dip) = t{p) + C{p) = 2e-f 

together with 

d^)ip) = t{f){p)+I^){p) 



1 




r 1 



7^ D-e d 

/:(p) + i + ^+P^ 



(46) 



(47) 



The change from the massless picture to the massive picture is thus partic- 
ularly simple in the differential formulation of the renormalization group. 
Finally, we remark that dL = D^Cl Dj} Dl with 

{D^-^'){p) = Cl{L~'p) = ^ ~ ^^^'^^^^^ . (48) 

Which of the two pictures is better suited, depends on the kind of per- 
turbation one is considering, whether it is functionally closer to the trivial 
fixed point or to the Gaussian fixed point. In the hierarchical approxima- 
tion for instance, the massive picture has proved to be better suited for an 
investigation of the non-trivial scalar fixed point in three dimensions 0]. 
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4 Symmetry — massive picture 



In this section, we show that the renormahzation group defined by the pair 
(cljcIl) has a symmetry, the transformation defined by another pair (7l, (^l)- 

4.1 Symmetry pair {jlt^l) 

Let L be a scale, with L > 1. Let 7^ and 5l be the operators given by 

7L = (l-L-^) Coo, 6l = L"\ (49) 



The operator 6l performs a global (space-time independent) multiplication 
by L^^. Obviously, {'^l^^l) is a (global) scale decomposition of Coo with 
respect to 5l, namely 7l = Coo—S'l Coo Sl- It follows that the transformation 
R{il,Sl) satisfies the semi-group properties R{'yi,6i) = 1 and 

Ri7L,SL) R{il',Sl') = R{ill',5lu)- (50) 
4.2 Commutator of R^CL^di) and R{'^l',5l') 

The two one parameter families of transformations R{cl, di) and R{^li, 6l') 
commute: For all L > 1 and L' > 1, we have that 

R{cL,dL) R{il',Sl') = R{il',Sl') R{cL,dL). (51) 

This property defines a symmetry of R{cL,dL)- An analogous construction 
can be made in the massless picture. The point here is that the symmetry 
covariance is short ranged in the massive picture. To prove (^), we compute 

{cL,dL) hL',h') = i^l' Cl6l' +^L',dLSL') (52) 

and compare the result with 

ilL'^h') {cL^di) = (d'l'yL'dL + CL,SL'dL). (53) 

The two dilatations commute, diSLi = 5^1 di. The combined covariances 
are 

^1' CL + IL' = {L')'"^ {coo - d\ Coo dl}j + (^')~^^Coo 

= Coo-{L')-^ dlcoodL (54) 

and 

dj 7l' dL + CL= (^l- {L'y'^^ dj Coo di + Coo - dj Coo di 

= Coo - {L'y^ dj Coo di- (55) 

These two covariances are the same. It follows that R{cl, di) and R{'yL', ^u) 
indeed commute. 
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4.3 Composed transformation 

To obtain a better understanding of the symmetry transformation, we can 
study the composition of a renormahzation group transformation and a sym- 
metry transformation. This composition turns out to be given by yet another 
pair. Let L' = , where r/ parametrizes the symmetry transformation. (A 
special value of r] will be identified with the anomalous dimension.) Then 
we have that 

R{cL,dL) R{l^^ ' ) = -R(cL,7y, dL,r,), (56) 

where 

dL,r^ = diS^v = dL, (57) 

and 

CL,r, = Coo - L'"^ dl Coo di = Coo - dj ,^ Coo dl^r)- (58) 

In other words, the composition of the renormahzation group and the sym- 
metry is a renormahzation group built from an anomalous scale decomposi- 
tion {cL,n,dL,ri) of 

4.4 Differential pair (7, 6) 

The generator of the symmetry is particularly simple. It is given by the dif- 
ferential pair of operators (7, 6) with 7 = 2coo and 6 = —1. The generators 
of the renormahzation group and the symmetry are 

r = l (4l^c4,) + (d-^'), (59) 



2 \6())' 5(t) 



u 

They satisfy [r, v\ = 0, as can be checked directly. Renormahzation group 
and symmetry associate with a perturbation z{(l)) a two parametric orbit 

z(0|L,L') = R{cL,dL)R{iL',h'){zm, (61) 

whose dependence on L is governed by (59), and whose dependence on L' is 
governed by (60). Indeed, (^Tj) satisfies the differential equations 

L^z(0|L, L') = r{zmL, L') - z{(t>\L, L') r(z)(0|L, L'), (62) 

L'^z{ct)\L, L') = u{z){cl)\L, L') - z{^\L, L') u{z) (0|L, L'). (63) 

The interaction v{(j)\L,L') = — log z{(j)\L,V) obey an exponentiated version 
(32) and (33) of (62) and (63). 
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5 Symmetry — massless picture 



In this section, we transform the symmetry R{'^l^^l) to the massless picture. 
Recall that the change of pictures is the transformation Z{(j)) = Q[K^){z){(j)) 
and that 



R{Cl, Dl) Q{K,) = Q{K,) R{cL, cIl). (64) 

To translate R{^l,6l) to the massless picture, we have to conjugate with 
Q{K^). From (||) and 

Q{C) Q{D) = Q {c-^^D^ (65) 

it follows that 

R{A, B) Q{C) = Q{C) Q (^-C^^c) i?(A', B'), (66) 

with A' = C A, B' = B C, C = (B-^)'^ (C + A) B-\ where £ = 
1/(1 + AC~^). In the massless picture, the symmetry transformation there- 
fore consists of two parts. One part is the transformation given by a pair 
of operators. The second part is the multiplication with a certain Gauss 
function. This term is essentially a kinetic term as we will see. 



5.1 A', B', C, and C" for the symmetry 

Let A, B, and C be given by ^ = (1 — L"^) Cqo, B = and C = —K^,. 
It follows that C = !/{!- {I- L'^) x) and thus 

1 - (1 - L 

B'=——^—r^, (68) 
1 - (1 - L 

C'=(l^-1- —] Coo, (69) 



X 



and 



1 C-C (l-L-^)(-A 



C" CC l-(l-L-2)x 



(70) 



The symmetry transformation R{'Jl,6l) thus has the following form in the 
massless picture. It maps Z((p) to a symmetry orbit 

Z(.|l,L,=e-4<»^*«a^4:™|jf±l). ,71) 

j d/-iA'(0) Z{(t>) 
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Remarkably, the function C"{p)-^ = (1 - L''^) (p^)^" V(l - (1 - ^~^) x{p)) 
is an analytic function of at the origin only if e = 0. A straight for- 
ward calculation confirms directly that the transformation (^Tj) satisfies the 
properties of a semi-group and that it commutes with the renormalization 
group. 



5.2 A', B', C, and C" for the composed transformation 

The composition of a symmetry transformation, which scales by a factor L', 
and a renormalization group transformation, which scales by a factor L, is 
computed analogously. Let A = Coo — {L')~'^ dj^ Cqo cIl, B = {L')^^ di, and 
C = -K^. Then 

^^T^ 1-(1-(L')-2xl)' ^^^^ 
where xl(ip) = x{Lp). It follows that 

^ 1 x(i-xl)-(^0"^(i-x)xl 

(-A)W 1 - (1 - (L')-2) XL ' ^ ^ 

1 - (1 - (L') ^)xL 



c 



^ (1 - X) (i^')' (-1 + (1 - {L')-^) x) , (75) 



and 



(-A) 

1 1 - (L')"^ 



c" 1 - (1 - (L')-')x 



-A)i-f. (76) 



For L = 1, one reproduces the formulas (67), (68), and (69) for the pure 
symmetry transformation. Notice that ([7^ ) is independent of L, as it should. 
Eq. ( |7l[ ) generalizes to 

ZmL. L') = e-4<»^*« + („, 

J d//A'(</') ^(W 

5.3 Generators in the massless picture 

We compute the generators of the double flow ( |77[ ) for the interaction 
V{(t)\L,L') = - log Z{(t)\L,L') from 

-log|d^^,(0) e-^((^')"(*)+*) 

+ logy'd^^,(0)e-^(<^), (78) 
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where A', B', and ^ are given by (^), (|7^), and ( [76| ) respectively. We find 
two flow equations. The first flow equation is identical with (28) and (29). 
It describes the flow in the renormalization group direction. The second 
flow equation is 



+ [2 U'^^- + 

-E{Vi-\L,L')), 



vm,L') 



(79) 



where 



E{Vi-\L,L')) 



^,2coo^F(0|L,L'; 



^V{(t>\L,L'),2c^^V{(t>\L,L')^ 



(t)=0 



(80) 



It describes the flow in the symmetry direction. Both together, plus an initial 
condition, are equivalent to the integral ([7^). The novelty as compared to 
the massive picture is the appearance of a kinetic term. 



6 Anomalous dimension 77 

This section contains a brief discussion of fixed points with anomalous di- 
mension based on the following hypothesis, adapted from Q and |^]. See 
also the recent discussion in [10, 11] and references therein. 



6.1 Fixed point (2:^(0), 77) 

We define a fixed point z((j)) (in the massive picture) with anomalous di- 
mension r/ as a fixed point of R(cL,dL) Ri^-f v,5 v), the composition of 
renormalization group transformation R(cL,dL), which scales by a factor L, 
and a symmetry transformation R['y v ,6 v), which scales by a factor L2 . 



6.2 Discussion of (2:^(0), 77) 

Zi,{(p) is a fixed point of the renormalization group transformation R{cL,dL) 
only if 77 = 0. In this case, there are two possibilities. Either 2^(0) is also a 
fixed point of Ri^yu i^L')-, so to speak a double fixed point, or one has a line 
of fixed points Zi,{(j)\L') generated as a symmetry orbit from an arbitrary 
representative Zi,{(j)). This is the case for the trivial fixed point. 
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The case with anomalous dimension r/ is a generahzation hereof. There 
one has an invariant hne of the renormahzation group rather than a hne 
of fixed points, where the renormahzation group acts on the invariant hne 
by an inverse symmetry transformation. A fixed point with non- 

zero anomalous dimension rj is not a stationary renormahzation group flow. 
(There remains the possibility to declare a composition of the renormal- 
ization group and the symmetry to be a new renormahzation group.) The 
appropriate framework to analyze such a situation is to divide the space 
of perturbations into symmetry orbits and to consider the renormahzation 
group on orbit space. A natural possibility is to consider one representa- 
tive on each orbit by imposing a renormahzation condition, which breaks 
the symmetry. Such a condition could be to demand the pre factor of the 
kinetic term in the interaction to be a given number. In the presence of a 
symmetry, the spectrum of a fixed point should include a marginal operator, 
the direction of the symmetry. 

A principal problem is the following. To make the fixed point prob- 
lem tractable, one has to truncate the space of interactions. Ideally, the 
truncation would be such that the symmetry leaves invariant the space of 
truncated interactions. Because then, the orbit construction can be done on 
the truncated space. If however the truncation breaks the symmetry, the 
topic of anomalous dimension is buried in the no-truncation limit, which is 
usually very difficult to analyze. The idea forwarded in Q for this situation 
is to truncate in such a way that a marginal operator survives truncation. 
In other words that the truncations is such that at least differentially the 
symmetry persists. The local approximation to the renormahzation group 
unfortunately breaks the symmetry, wherefore the concept of anomalous di- 
mension loses its meaning in the local approximation, and in particular in 
the hierarchical renormahzation group. 

6.3 e-model 

Consider the fixed point constructions |^] and for the e-model in this 
light. Their constructions work directly in the massless picture. When e is 
non-zero, the situation is the following. If one restricts the renormahzation 
group to vertices, which are C°°-functions of the momenta, then the sym- 
metry can be ruled out because it generates a non-C°° kinetic term. In this 
situation, the authors consider an invariant subspace of the renormahzation 
group, which is not invariant under the symmetry. Remarkably, the authors 
succeed to construct a non-trivial fixed point in the C°°-subspace. (For the 
planar approximation, this is perhaps not so surprising because the planar 
approximation itself also breaks the symmetry.) Such a non-trivial fixed 
point is by definition a fixed point with anomalous dimension zero. 

If on the other hand one wants to investigate fiows modulo the symmetry 
(as one has to in the case of non-zero anomalous dimension) then one cannot 
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restrict the flow to C°°-vertices in this model. Whether the e-model has 
another fixed point in this bigger space, I do not know. If this is the case, 
it would be very interesting to determine r](e). In the most interesting case, 
the three dimensional theory with e = 0, the situation is different. There the 
symmetry preserves the property of analyticity in the momenta. Therefore 
it cannot be ruled out. 



6.4 Differential equation for v^,{(/)) 



The fixed point problem (81) in the massive picture takes the form of the 
following renormalization group differential equation for the fixed point in- 
teraction U*((/)) = — log Zi,{(p), 



1] Co 



+ 



1 



§ ( TI^4(l>)Ac-r] Coo] ^w^i 



E{c - r] Coo)(f*), 



(81) 



where 



E{C - 7] Coo)(w^) 



r] Co 



-Vi,{(j)), [c-r]Co 



(82) 



<j>=0 



A natural problem is to find good truncation schemes for (81) and (82) and 
to determine r/ by the condition that the spectrum of u*(0) have a marginal 
operator. An investigation of various schemes will be presented elsewhere. 

Recall the generators (59) and (60) of the renormalization group and the 
symmetry respectively. If we neglect the trivial normalization constants, the 
fixed point problem becomes a linear eigenvalue problem 



(83) 



for ru~^. The meaning of the anomalous dimension is thus to be an eigen- 
value. Eq. (81) is just an exponentiated and thus non-linear form of (|8^). 
The analogous equations in the massless picture follow immediately from 



(|78D and (|7g|). 
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